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1.50 Horizons
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② IHERMALHÍSTRYOFTEENIVERSE
2. 1. Equilibrium
2. 2

.

Evolution beyond equilibrium →
Dark matter freeze-out

→ Recombiration
→ Nucleosynthesis

2.1.1
.

Thermal equilibrium
-

• Rate of interactivo : 1- /T#|
• Rate of expansión : HY t=¥= tu

species are in local
thermal

equilibrium
Are SM species in thermal equilibrium?
-

T - Mtop v10
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•
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number density : n = ásp ffp)

energy density :

q = )dzprf Elp) Elpl a-TÉ

←
exercise 2-1

pressure density : D= coztpfdpflp)
3Elp)

-turbina :
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-
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-

÷:*!""É⇒ 1 ÷: ÷: ÷ ±
.
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Maxwell- Boltzmann
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.
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-

Rates of forward and reverse reactiva are equal
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te µ? Ha

- M3 TM
-↳µ = O

.

Namber of photons is not conserved
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↳ µ# = -1¥ # t ← 8+8

Thernal equilibrium ⇒ species share common temperaturaT

⑦ Limits
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'
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7/8 fermions
1[exeráser.}# El ⇒ w = EN



• Non- relativista limit
-- +312

-m IT
Team n = 812¥) e eeráse
+→ W 2-2

.

le mntsfntt . -

D- =ntaal =D we
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-
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"
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←
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←
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'

th - 7 -

Galt) -7*9 's tq ? , Si
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chargedleptors : quarks
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2-1.30Consernationofentropyproof
.
. entropy is conserved ✓ =p . ✓

Tds =DU TI DV Ádler) + EDV = d [HTIID -VDI

no

d ke#D - f- (etzldt

¥-1ft de ¥ DLTEHZJD -¥ llteldt =
using
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= d [¥

?
V]function

Total entropy : # =

v.
adf.tt#D--ElEtIz)tl*YEEEE)

T

(¥ Eater) +El# -4¥17) -- Oétzriietio "oi ¥÷¥⇒
se Entropy density : S =

=

S = 2- lit Pi
ZTR

i Ti ¡ 4-5
Geist) Ts

E- ¥54
t
gas f) :

entropía gdreeqrdeomes os

E-_ El
④ If all partirles are in termal equilibrium

.

g. ftp.?-g*fFgs--gattT)
④ If some partirles are not in termal equilibrium .
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Energetic and entropía degrees of freedom are the Same

only when an the relativista speñes are in thermal equilibrium

( they have the same temperature)

/Ni=÷] → is ccnctont if partidas are

⑨ S ✗ a-
°

not created or destroyed

h ¡ ✗a
-3
-

⑨ ¥-0 ⇒ /go.TI-eonst-7-ftaa.gs#-/-i-
when a partick
becomes effectiuely

massive,
it "beats

"

the universe

(T decreases slightly
' slowér than
Tra

-1)
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← 4¥ gaslttts IIII 9asft-E.si IIIÉEIEÉP
- if Ti# → g. A) ⇒ *,

Tphotor temperatura

- ifti#T → Galt)# Gas

¥-0 ⇒ Ta Iago; " ft)
- ±

t ←T
Mp=p

HE 8
l ⇐ 8¥ era 8¥ (IIOIGACTIT

"
⇒
MÍ""

⇒ H ⇐ 1.669A
"

÷
mi ¥en

E- 1- sea → F- IMEV



2.1.40 Neutrinodecoupling 1=1MeV ← tr 1s

At T = 1-10Mer , only
d

, e
±

,
V are relativista .

Neutrinos are coup led to the Thermal plasma :

Ve + 4- ← e.

+

+ e-{
e- + 4- ← e- + y }

o - Grita
⇐¥

T - non#1=6+21-5
ncn 1 IT>

3

¥Y ⇐ «1 T > > 1-Mer ⇒ neutrinos are in them . equil .

TE 1- MeV ⇒ neutrinosdecoupte-H~T.jp
Tdec- 1- MeV → in realityLTde-c~0.8-MT.it
But neutrino are Hill relativista , they antribnte togargas

1

pm £nraa-YDY-q.at#1q-=apslphiF-=1FÍEN
-

→/Tretas (f)→ ☐

a-t

2-1-50 t-lectron-positronannihilation-tn-me-0.SI MeV

- Electron become non -relativista thermal :

there is a chanye ir 9.ÍIÍ ni
g. st:{

2 + ¥+4 TI me
_-

1
2 Tame

entropiy conservation ⇒ gas#T
>

a

>
=
const

cisne

y
(Tsme)

?

(Tame) •el
°

= gasSEA
q

⇒a



→For Tame ⇒ ftr =#
""

Try
-

Today : Tr =Tenis = 2.73k

Tu =
273
"

= 1.95k

⑦ For T carne :
413

Ya FTI = 2 t ¥+2 ×Neff {%) = 3.36
Gas (T) = 2 + ¥+2 + Neff%)

"

= 3.94

Neff : effectiue number of neutrino speñes =D Neff =3

Neff = 3.
04 6 ( SM) ¥3 because

neutrino decoaplirg
is not instantáneas , and

it

÷:÷÷÷÷÷÷:*:]
Planck experimenta (201-8) : Neff = 2.99 IO .

17

①phÉ lexeráses)

Ts = 2.734
TE# Ets) Tr

'
⇐ 410 phoatmrjs

=

→
fj gtr

"
= 4.6×10

-"

gcmis

•Nñgd
4 lo h

'

= ? 5×10-5 « 1

no = nr +µ) x f- Ness = 112 neutrinos
cm3

lr = . - - ⇒ huh? 1.7×10*41 (mu -0)

⑦ Neutrino oscillations ⇒ Zma, izo 0.06 eV ( lower bound)
F↳ e. he anni

Planck (2018): 2-mai a 0.12N qqev
(upper Hound)



2.20 EVOLUTION BEYOND EQUILIBRIUM
f-

2.2. 1
.

Boltzmann equations
2- 2-2

.

Dark matter freeze - out
2.2-3 .

Recombinación and photon decoupling .

2- 2. 4
.

Nucleosynthesis
.

?⃝ BOLTZMANN EQUATIONS
-

④ Nointeractions : Particle nnmbevis conservado Physicaludume
más

ni = number density ⇒

fni-a-TYT-I-E-n.IT
-

⑦ Withinterations : ⇒ Boltzmann equations

/Edkdij-T-ci-ans.TT DESTRUCTION
Í !

£
TERM

If 1+2<=3+4 ⇒ AIG dlnza
"

☒
=
- ✗MIA +PBR

I
CONSTRUCTION

L : thermally aueraged cross section ✗ = < tu > TERM

Taueraged over
oelocities

p = (Y.tn?-)eqx.,suchthatci--0 in equilibrium

÷.dk#i-=-aooL-m-na-lI:I.-)e*" "]
Ni nils | Niania> ; Tamara >
Sra

-3

¢ cn.interax.in/::E-=-#E--lI:I)e,.I:Tu .]Ni → const



EEE . - ¥-4-1%71%71 ⇒⇒⇒

IIIH :-

is '¥»z ⇒

"eteeiiaátii, a

→→ if Nz → Nzeot , Nz» Nal
'

Ns« Nzeet , Ny «Nyeot
⇒

1%-1Me→ N.net
Na → Nitt.is

:*:{÷::L l
'
Aco →

- Y TÉ« 1 speciest : Na→ constant # Nit
-|Freeze-c.at



⑦ Poltz-mannequations-n.L-2.2.tt] 1,2 → ×, I

3,4 -1 l , I

1+2 3 + 4

Na Na Nz Nq
→
interactiva rate NÉNÍ"

↳ dele -EH - (III.↳ III]dlna

eqtuilibrium
% = Ma - ou> :

interactiva rate

- Effy : interactiva efficiency

17/1-1>-1 ←[early fines]

4 dln NI
☒

=D → Ni = Ni
"
( i : 1,734)

↳
Na → Na

"
-* ddljnm-a.co → Na- Na

"

N
eq

↳ Na « Na
"
-→ dámela»o → NA → 1

-TÉ Eater times]

%eF-n.ro : Na → NÍ (const) =/ Nae
"

l-TREEZEOUT-Z.2.2-ODark-matterfreeze.at
- Let us show that Boltzmann

eqs can provida a mechanism to

explain Dark Mattei .

HYPOTLHESIS : DM is a WÍMP (Weak Interactivo Massine Particle)

DM : I

Assumption :
- E interacts with charged light partidas ( e.g. charged leptón,)

Ix •→ lté
- No inicial asymnetry Nx = NE

- Leptón, tightly conpled to Thermal plasma : Ne = Ne
"

- Electric neutral = Ne = NI
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IEn -
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• Txinxara > q
Nxsaraszt gastaras

A-
-Nxos

"

gas a const

•

× NI → dlnNx

+ arena; I÷
TaI

• RD : Ha

a

⇐ Ése

.FI#I-const-Atuery
late times Nx » Nxe?

,

-1¥⇒ ÷. ⇒Kitt
×
.

-

if it , Nitro

• What is the value of are that could exptain dark matter ?

No Í 0.2

µ = = = . - - . en µ
Carita 3Mpítti

✓
1 1/2

⇒ mi k¥6:#
*

Ya RIOLas
cons nto-46N

- In 0.1VE

WIMP mirad
-
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2. 2.3
.Recombinationandphotondecouplingapecombination

: Formation of the firstatoms , arounatntev
-

t - 300oyooears
* At TasteV : e- tpt- H t 8 ( coulonmbscattering)

④ For irtsp , e. Hg , Tami ⇒ nieta gi ( É⇒"¿Mini
NetApp, puro)

III.1=1*1:#⇒
"

e
""

ip

P

BH Mptme - MH = 13.6C
V Binding energy of hydrogen

• gp = 2

;
ne Mp y MHIMP

Se = 2 (not electrical, Corbin

GH = 4 charger ) prefactor)

III. =/
"

e

""

Free electron ratio : Xe = #← baryonnumber density
* Mtsnhpt NH = Me

+NH

Xe=L Íentralitz
net MH

•

sahae-qnatim.tt#-- 1- ¥ ninfeáceas→ p
= ni ni

µ - E- Msx T]
→ % : baryon.to#Yoton-sMb=S.sr1ciYo?oiahY

→
KCT)

-

- ¥41.IE#
"
e
""

Saha
-1 equation



• me define Ebiat.in unen

E⇒ÜÉÜt

2-rec = 1320

⇐ yoooo ya, ]
• Photondecupling T.e~zr.fr
• c- + J ← e- +8 Compton scattering
- At T>> 1er

, photos are strongly coup led to the primordial

plasma via interactiva with elections
.

⇒ Universe is invisible

- At TAEV
,
electron density decreasesi

. photon , start

propagatiros freely ⇒ Universe Becomes visible .

- These photons observad now as CMB →
" last- scattering

Surface
"

Tr
,

H

- At T» 1-ev → 1 → photos are in
Thermal equil.

- T
,
= no 07. ; ne ! → euentnally Toca H

~ 2. 10-3 Me
2

• Decoupling tina : tftaec) =Hiftdec

↳ Toa ne of = ni>TIEOF ¥41107# (Tae)Tdei t
T

Xe--¥ hb--¥44btde?
↳ Hltdec = Harán /

2-decir
ÁAOO

*:*
"

:*, ÉÍÍT



Xé 1

Idea!Eee

Omar = 0
.
1 Eine of recombination

TTr -
-

Ee→II

!
Ie→O [Saha)



Tu 1- Me✓• BigBangnuleosynthesis.fr 330 sec

⑦ Formation of light atomic nuclei ( H , He, Li , Be)

⑦ Full computation for particle numbers are obtainedbysduing
Boltzmann eqg.

⑤ Simplifica tions =) We only considere H (pt, D) , Hettie,
"
He)

① Prediction : |I~
• { n , p } ⇒ At T s > 1-MeV :

n + Ve ← p
+
+ e- (p-decay)

nté ← pttze ( inverse p - decay)

tamil→ ni
"
.

- si /I÷¡
"

e
⇒CEL

,¡§:-#
"""'"

⇒
=D

número

µn=µp
⇒ (%-) = e-

"T

Q = mn- Mp = 1.30MeV
eq

* = :*?Í⇒ If
-

⑦ Neutrinos decouple at Tgntdec ~ 0.8MeV

↳ In" /0.8 Mev) = 0.17 - f- =#
°

[using Boltzmann eq
.

→ Enano .
15 for neutron freeze- out]

① Neutras are unstable Tn= 881.5 ± 1.5s lifetime

Xn (f) =
°

. e-
""

= f-e-
*kn



|

Nuclear reaations inualuing three or more incoming

nuclei are suppressed because the temperature and

density are too low
. Deuterium mnst formfirst .

.ie#:.:--:ii::MD=2Mp/nInp-)eq=Z(m?mp-¡
"

e
- Ima -

mn-m.kz/=-P/4mp--j)%eBnt--Yp(mTp-)3heBD/t(nn~nb-
% . no = % 2%1-1-54
]

B.D=Mrs + Mp- MD = 2.22 MeV
m

binding energy of deuterium

1%-1=1 →06Mµ
• Heliumformationn D + p

+
←

3 He + J

D +
' He ← 4He +pt

BHE > BD ⇒ Helium forras inmediatdy after
deaterium ;

Binding y DEUTERIUM BOTTLENECK
energy
of

→ tnua - 330sechelium µ«~Q06M#
¥, -1.9:FÉ"tine of nucleosynthesis

E- n-nn-F-i-I-xn-t.no
'

MH 1-Xnlt
- ¥6

fna-n.cz?--e-*:j--lYIE-='I:----Ff



• BBN deperas con { ga ,
Tri

, Q , Mb, GN, GF }

BBN can be a probe of BSM physics .



I

¥:÷÷→



observations

a-
-prediction

I
Observations



INFLATION

y
Horizon problem④ pr-dslemso-fthqh-BBEYT-latr.es

, problem

• Horizontalidad comovirg
nadies

←

Eso ds
'

= al# [dsy'- DX
' }- photons : ds:O → AX= Amy

0=4--0
:3

.jo?Zpastlightcone...::--FEa"

\
.

- - &
-- - -

-

✗1--7=0 : Big Bang
Xp i. partida horizon

• fcomooinglpavtidehos.it#=ady9o lnao

Xp (1) =3.- Mi Íf =/aol.at#aHFdena=--.
C- i ai lnai

Como uirg Hubble radius : (au)
→

= Ho
-

1. a
Í"""

E- (Aisin)
- -

-

= Í# [a. _
a

'""§ = % - Mi

④ If W > -1-3 ⇒• lim Y ,

- moco

G.9. MD
,
RDI

Ai→ O



IS w >
-

± → Xp (7)= ,¥→ a

± ""? EL CAHÍ
T

@HT?Hola
Ífttasu)

in standard
cosmology →fpartidetorir-on~comoeingtlubbleradilal-N-1-ws-j-z.gg

Tp = Tq = 2.73k

- -- - - - -Peoq . . . . .¥? - YanisftwrizoNPR-BEMR.ly#--::x
Cltusttclydesconectechn

P

When we look at the CMB
,
ale

Photos Corning from angular positions
with more than AQ - 1°_ 2° are

YtsiE.eo.Fqcausallydiscornected.CMB@Comput.ation
member of disconnected regions in the CMB :

µ ⇐At
~ #%mÍ_

~ Chantaje 0-(1-8)Atot 4¥12 %
regions

30=14.4 Gpc
MCMB= 284Mpc



④ INFLATÓN
✗horizonp-rbemO.1.probl.msof the Hot Big Bang theory + glatness problem

⑦ Horizorproblem :

ds
'

=AYY ) [doy 2- DX) photonsi.dzDX

y

⇒
? ¡
±

yeigntaneµ←
causally disco nnected

%
Xp = particle horizon (comoaing)

lmao

Xp (7) ÷ 7- Mi = /
"

%-);) (au)
- '

dlna =

lnai

¡ [a
± """ Easy =ÜEÉüá÷÷ -ai

comouing Hubble radios
--1

=3 - %

⇒÷""" "

:| ai →Oe.g. RD MD

a. ¥7

AE-EI.IE#---F.Fi=oBig Bang

↳
CAUSALLY

Disco NNECTED



a- → O

•

K¥7
,

*""" ° :| d (alt)
-1

dt
-0

ir
_

¥
p :

- - pq;
-
- - -

i
- -
- -

q
-
-
- - Mamis

÷ Í
- -7--7=0

i :
'
"

" ?⃝T-NFLAT-i-N.F.ua-Él ii.
i

,

"
'

i
.

.
.

"

\
- -
-- % < o

f-
:

% → - • for eternal inflatón

CAUSALLY

CONNECT-ED.ae
÷ -1 → ftp.T#qf:3c-Eao]Typica realization

H=co÷

④ Definitionsofinflation :
⑦ Expansion sourced by a fluid with negative pressure ,

W = < - 1/3 " Hubble sphere
"

⑦ Shirin King como uing Hubble radius : #(AHÍÍO

⑦ Accelerated expansión :

* CAHI
"

=#lüj?
-÷- < O → 1ü⇒

e. TÍ
⑦ Slowly - uarying Hubble parameter :

# CAHI
"
-

.

-

= -1=11 - el - • I⇐
?⃝

" Constant
"

energy density : la a-
"""
= const w=-1_



⑦

QIE-Ettgrexparsict-fE-IY-a-a.com → coist alt :c"t
ÓTÍ de Sitter spacetime

-

It cannot be perfect "

de Sitter
" because irflatim must

euentually end
.

4-1. [continuation]

•
we require /Md>Molto solve horizon problem . HEE -_ (%-)

"

[
" °]

1-
÷ ÷:-.÷.EE#.:--::::-...4:::Ii-.--!....iaaT-1

= 10
" (%-) .

I
To --2.73K

Te --101°GeV N Tnumberof e- folds]

a- en
29

We require ¥ > 10 =D A- log = 67 e-folds
.

• T-latnessproblem-i.meobserve su=D 1=1mi-lr-1-ru-rm.rr-EE.ie]

ti -_ 8¥ f-¥ ⇒ 11-1 / pa
'

= }Y¥ =const

laa
→G-+↳

=, paraa-
Hutt'

For w >¥ ⇒ par ! → Ir-119 → Ru :-/1-NTT

In

¡
¥014 -1

Ir, =D

.

.

Real today require
extreme finetanirg su ftp./e1O-0

I at the Planck ti .me
.



During inflatón : wa
-¥ → la

'

T ⇒ Ir-11 ! → Hut ! !

inflation ¡ y^"

# , also solued with

v60 -70 e-folds

time
I ,

I
I

I

ltoday

4.3. S-low-roli-tio.la
A
"

toy
"

particle physics model of inflatón :

solar field ¢ (Iit) : the inflatón ,
with potential energy ✓ GH

.

Which properties must K¢7 Have to s-staiifati.is? .
e.g .

MZÉaamptes : ; ¥!
¡ ✗ ¢4

vcd-EEEEE.az!
¢,µ, y

repeating( inflatón '

t.IN

action A)Fgáxl =/Fg DE [2--8%4%-41]
f- detfg )

stress . Te:#%Fc-s.la?qn&a&-q(I-g*da&dp&-vCN)enerq4tensor

⑨ For compatibility .aeHII ⇒ ¢ = ¢ ( E)
]

with FLRW

1¢ -- T: = f- ÉIVGD Pa, =#Etii = E-É
- V4)

- potential÷,Kinetic
energy



- 1st Friedmann eqn .

⇒ HE¥µ ⇒a

Mri=VÉ TÚ

1¥ →
anti -÷

,

/ ¢ +%-)

- 2nd Friedmann eqn =, ni = -¥¥ =

-§á÷→"""
ÉTER [:#⇒3
µg

Klein - Gordon 9-"
at""

exeráse

friction
term



?⃝

slow-rollinflation-iscalarfieldi.in#aton&(E,tl+V(&)S--/Fgd4x{ f- gandula ¢ -✓ (a) { =/Fgd "✗L

¢ = ¢ CTI H + I

1¢ =TI = f- É' +V4 D-
¢
= -Tii = E- É

'

-
✓ (d)

-⇒1st Hi-Fi 1¢ ⇒ HM
-⇒ ti:÷÷÷¥and ti =

- LEÍ ⇒ ti = -E- 9¥
→conduit.achieaeinflat.it
4-¥ no =# = =,

#É«Ná⇒
.

la Élfica)
② We reed conditions "1 " to be obeyed for at least 60 e-folds

of expansion.no/Ica3HIIl,V#-
"

É+:7 "÷..
-
-

= zfe - d)«1

In this slow-roll regimen, ⇒ t¥=¥¥ ; 3M¢ = -ÚG)

e. É÷= :'-(¥:'): :'-(¥1:-&
②

E = Eu

v
' (¢1 = 4¢ % = HE

v
" (d) = V

, ¢¢

d②
*

→ 3 ti ¢+3HÉ = - Yu É ⇒ St E = Mpí 4¥ Y
← = :'-(%¥j« 1fpotentidmustd.es?z=mi(%EF-)-t



•

"

Amountiiofia.GS#iI?-ginslatiENtot=/dlna=/H(+1dt member of e-folds
of inflation

ts
start ?⃝
of inflation
where Ects) = 1 . tsatate → Elt) < 1

E (te) = 1
' inflatón

Hdt = ¥
,
/del
; ¥ %¥ = 1- ☒FÉ Mpl

Nat > o f- ^¥¥)
We require

Ntot ? 60µ*ÍÉ⇐*¥F✗

Etampk : µ
./ I""

✓
'

(f) = mío

✓
" (¢1 - ma

→ """ =MÍ /¥¥)? a (II)II ( ¢)

Inflation happens / El ,Al < 1 → |¢EF
"

super- Planckian
"

amplitudes

nca.IE?E--f:-:-E.)-- ÷: -÷
de

de

NGA > 60 → ¢ = Mp ,E) = mp , -11 Mpl

Todo

*
erais}

→ ✓ 4) =#Mal" En] = 4-n n = 446,8

→ van -- vo/ 1- ¥5 → EN



?⃝rehea-ti%aa~f.mu'
→ After inflatior , the energy of

'
' *" the inflatón must be transferred

¡ '

' t
to other partirles . This is called

reheating .
\ ,

9- → Details of reheating are oery
¢
@ ~ MPI model- dependen}. but one can

typically identify similar proceses .

¿
frio#% ←

"force term
"

¡ + 3HÉ +mío -0

→ When slow-roll inflatón ⇒ HIM

→ when ¢ ? de nmp, (ie . E,ya 1) ⇒ Hnm → inflatonoscillates
around the minimum of the potential

frequency

[exeráse] → ¢CH : Ift) sinlmt) ; IOCTKVESMMTÉ
¢decatying

amplitud

t.aa.int
«÷.

[MD]2/3

osállations,
,
,
-

-

-

↳ w-0

1¢ = f-É + f-melón a
-3

⑦

perturbatioezreheatir.GLc- g ¢ ✗ ; h
4-4¢ ✗ : spin - O boson

Y : spin - Ez fermión
¢→ ✗✗

& → 4-4 1- (¢ → ✗7) = 89¥ ; 1- (¢+44 = ÉI

1- ± 1- (¢ → ✗+) + 1- ( ¢ → EH

|Í+tH¡¥m → # la
> eh = -Tak,

T

term

→ During the initio inflatón oscillations ⇒ H→ T

→ Eoentually H =P ⇒ reheating happens



→ HCH -¥ (MD)

→ H=P → trn -5T
" - fftr) =3Timpi

1- =# Mpl

• Assume instant thermalization : p ftp.T#qfTr)Trh-3FMpT
⇒ Tr = Mpi)

"

= 0.5 IFMTÍ
* T

firl -107103

REHEATINGTEMPERATURE.prehea-tin-g.jp"

)reheating

→ Initial rapid out-of - equilibrium production of partido

due ton-pertat-iue-efkts.me:*!:#
FÉLIX ⇒ Ü - tazón +3¥ +grito ⇒

-

effectiue mas,
time - dependent !

⇒ ii. +K¥H" " KLEE-47>0
"÷:-#⇒ T

EXPONENTIAL
GROWTH



③COSMOLOGICALPERTURBATIONTHEORY-3.IOMetiendmatterperturbations
- Universe is tokens and isotropía at large scales

.

- In order to study structure formation , we reed to
introduce

per-tbatio-z.GF-8-GT.TT
←#

9µm ,
E) ígnu (7) +59µA ,

E) Iuufy ,
E) = G) +SING ,

E)

qíuty) .ci/n)fdya-dIY F. = EH) ; F. ii. = -FA

A) Metricpertur-bati.rs :
A-_ ACRE)

ds? cífy ) [ 11+2A) DM
'

-
<Bidxidrl - ( fijthij) dxidxti] Bi :B:(REY

soñar mitos tension hij -- hij (RE)

⑦ Sadar - vector - tensor ( SVT) decom position :

• Bi = diB + BÍ | dipsi -0
T

solar ltratnsoersé
vector

• hij = 2C Sij +2 daidj > E + 2d , ¡ Éj, + ZÉ, |
ÓÉJ = O

T T
Idi Éij -0)

solar
(transversa) (transversa ¡ ¡ ¡ = OAND

.

solar vector traceless

r tensorte
da. Ej , ± f- (di Égtdj Éi)

daidj > ± (didj - f-SIJJYE

( A,
B
,
C
, E)Ti• Scalars : 4×1

• Transversa uectors : 2×2 ( Bi , Éj )÷.us?..::::::::.-:::i..-



• In the SVT decomposition , Einstein's equations for
solar

.
motors and tensosdonotmixatlinearo-devando.amDe treated separately .

⑦ Gaugefixing

Metric perturbations are not uniquely defined , they
can changa under coordinate Transformation . There
are only Six Ed degrees of freedom ,

El→TIIII zenfy
,
|
EET

ZÍL diltíi

Using invariancia of spacetime infernal :

ds?- 9µW DXMDX
"
= Jap (E) DE

'DIP
t

→ µ
-

-que
-

%.cn giras

• Scalars
: A → A -1-

'

HT ; B→ B -1T
- L
'

;

E-iE-L.c-ic-HT-E-vlf.yeaf.rs, ¡ ¡ → ¡ ¡ ¡ ¡ ,
¿ ¡ → € -¿

| •Tensor : Éij → Éij : gauge- independent ! t



- Solutions :

① Use gauge- inuariant variables :
--
--

• Bardeen variables {
4- ± A+H /B-E) + (B-E)

'

y Bardeen

¥ - C-H (B-E)+ f- TAE
potential

Éi = Éi -ÉlÉij H -

- E-¥
② Fife ( i. e. fix T.li )

• Newtoniangauge (solar part)
*⇐ °

} ⇒fdi-atD-a-i-Y.y.cl?o-4--2HSiidxidxJA--4C=--§

• spat-iahy-fage.C-E-0lusedforinflati.tt



B) Mattrperturbations
'

.

bulk
1-
•

☐

= C- (7) + Sf velocity momentum

F? = (
l
-

Í
-

¡
⇒

°

) ⇒ Tio = [e-G) +p-pyjfoi.iq
"""Y

Tij = - [Etn ) +SP] sij - TÍJ
antisotropic

For perfect fluids ⇒ Tlij =O stress

• Total stress - energy tensor :

Sf --Isla ; SI -_ Entra ; q E qiia, ; TÍOIET Ya,

• De-si-E-aste.sa-F-a.TT#7------
⑦ SVT decomposition : Sa = ¥¥→« 1
- solar

Sl ; SI ; qi-diqF-q.ru#10dof-
.{

Tij =D < ¡ dj> + dcitj ) +Ítij
Scalar Lector Éensor

⑦

baug-efixir.gl/N-FM--Xn+2nfy,E)E--T,Zi=Li=diL+Ii
-

Using :fsf-sff-te-ILTIH.EEF : ⇒

{
SI→ SI -TE '

9- i → qi + ( e- +E) Li
'

lei → vi + LÍ
• Gauge independent qnantity : A Tij-1-ijgange-independentt-fl-A.SC

+ [YatB) ; ai -_ dile
_ _

• Gauge fi + ing Y
Uniforn density gauge : Spo

→ Como uing gauge : 9=0



3.2.0

t-quationsofmotionintheN-ewtoniangaugeg.nu
= oí /

1- +2¥ °NEWTONIANAGAUGE
O - (1-27) Sij

- Vector perturbations get suppresed during inflation .÷:::÷÷÷÷:::÷::*
..

discussed in Section 4.7
.

a) conseraation-quat.org

MIN -0 . falso, 7^1%9-0 if there is
not

energy-momentum

transfer between differentspeáes )

• 2=0 =D Cqntimtyequatin :

dysl =-3H / se + SI)+3 # (CIE )
- diqi
-- Éeiuliar

dilution effect effect of
from background local expansión

velocity
rate

expansión
" ¡ =-3N / e- +F) "

"

(1-7-0) a
"

• 2-- i =D Euler equation

ós 9- inHg
'

- (é+¥)%÷!_óiÜ_-

no force terms :
y dilution due

to background{ 9- %;-) expansion



⑦ In terms of density contrast
"

sa
"

and velocity
"

ai
"

sI-f-i-P://oioia-zzf.su/Ea---E-Sa#ntiiYeq./ via ' = - (µ + Éi,E¥)áa-ÉÍRÍ;±
,

Euler

Comment : Four scalar perturbations ( fa , SIA ,
va

,
Ta)

,

but only Iwo equations .

- If perfect fluid
- , Strong interactivas keep eressure

isotropía : Ta = O .
Also

,
8Pa = G.Í Sla

Sound
+
Speed

of the fluid

- Decoapledor weakly interacting speúes (e.g. neutrinos) ,

Mato ; 8Pa =/Csiíffa ⇒ Needto sola Boltzmann eqs .

for the perturbed distribution function.
to Lose the system

.

8mn const⑦Examph-es.fm TT
• lusterigfdamattr :

Pm
--0

, Tliim -0 =D fm
"

+ HSM
'

=V4 + 3/7
"

+HE )
T

friction gtraoity

•

Radiationfluct-uationsk.EE
⇒ gr

"
- £TI = ¥24 +43

"

TI
"
, =D T T

pressare gravity



b) Eisteinquationsa
SG? -

_

81T GST?

• no -00 ⇒ Relativist.it?isson-quation:-V2Io-3H(Z'+HIo)--4TGa2Sf-se--Isla]
F-

relativista correction freleuantfov UEH)

•µu=jj
ltracelesspart)

⇒ § - 4- = 81TGatt [TI .-Eta]
↳
If perfect fluid ⇒IFÍÉT

IIT :o)

f-
barton)_- DM

•

µ
-
_

OÍ ⇒ ☒
'

+ µ§ = - ↳* Gaaq
.

- Photon

•un jj
Hacer.ru

⇒



3.30 Solutions for Z :

→

§
"

+ 3H Io ' + KH ' +HYE = 41T bar JI ⑦ -

{ V7 =-3H ( Io ' + H7) = 41T Gaasf ⑦

•

DuringMD-erai.SI?--0H=J-?H'+tyz=ot-&IY--HzIoT--1 o

§ (g) = Es = const

•D-rig-D.ee :

se = ¥
④ ①

H = ¥ → zni +H: - Ha
}→⑦ §

"

+3HZ
'
-HI = 41TGAYI = 4×6 a- § !

= § ( 82 § -3M / § '+H}))

FÉ4H¥⇒
1--1

¥ E) =/ YIY-a.ir Ioufy) é ⇒ Ioü
"

+ G-Ei
'
+Fritz -0 →

→

fqi-3I-q.co/sinY-y!-#y----uJzai(o).--j-
Rulo) [ see below]



( RD)

Ei (7) = -2ps" (o) ( "Y}°) ; y -- ¥47
• During RD

,
two regiones :

- Super horizon perturbations :
y = ¥# <a1Hackl

i →como ring
{

Hubble
raaius

*¥
- Subhorizon perturbations :

⇒
5-¥# ⇒ 1""

:* -1--7/ Ei = -6%10)

-
-

Oscillations with frequency # *m
and decaying amplitud 7-ha

"

IHto.su/oerhorizon-s-ubhorizon-



Tai (g) = {
-ZBIIO) ( "Yj?' ) ; during RD
const ; during MD

with y =#KY =# matter- radiation
equality

✗

• Let us define Keq = Heq =Hfye# as the mode

that enter the horizon at the matter_radiation equality
.

- kzkeq : mode enters horizon during AD Stage
.

- KEKEQ : moda enteras horizon during MD stage .

"
"

" ✓
"" """°"

! TELEFE.EE
**←ÉíÍÍ

'!



?⃝ Initial conditions
-

• AYati-fu-tuati-I.Fluctuati.rs for which local state of
matter (e.g. l, I) at some spacetine point (Y ,

F) of the

perturbe universe
,
is the same as in the background

universe at same slightly latertime pts9 (E) :

ftp.t?;))---a#-Safy--foralls-pecies
"

a

"

flat fa
"

fy (E)
-Pertnrbations created

by a local tiene shift

| Ña sama for all species

mi. ¥ .ie#-.--s!:--w.---:-T.ll-a'=-3Hl1+wa-afwm=0;Wr--
%

ÉI⑦
-

• Initial conditions
-

- All scales of interest are outside the Hubble radius

( k« H) at suffiáent early times . we fix adiabaticinitial

conditions at this stage ( given by④
.

- Mattar fluctuations hold Sr -_ G- sm (for a-&, b.c) for Ka- H,

but evolve differently after they enter the horizon (k »H)

- Conditions for § :

-4¥ n-3H.tt/tHIo)--4-Ga4l ⇒ E- -45,4¥ ; ±# = Es:& sr
k«H # const

µ?-8¥ la'
⇒ /S=Jr=-2§=áT-



3.5.0 Comouingcureatureperturbation
In Newtoniana

gauge ,
it takes the forma.

{ÉI]lstj-q-e.IE/----
• I is constant at superhubble scales

, including when the

equation of state changas :

Q ' EH, o ⇒ conste
→

• & Í
""
- 5+3w_ § ⇒ ⇒

cm»
, ¥ §

,r☐,
e)→ e-eráse

!

3+3W

• § is gauge-
inuariant ( although expresión above is written

in Newton ian gauge
variables)

•

R connect quantum fluctuations gererated during inflatón
with late structure formation .

conditions ( correlativas of RED in different directions)
.

If initio conditions are Gaussian
, they are completely

"⇒ ii.

speáfied by :

hom& iso

|<R(ü)RFüpÍÉ÷AiHS☐Éñ_
Áspera
• Inflation predicts : Apífu) = As (II )

""
As = 2--10-9
ns = 0.96

K # I 0.05 Mpc
-1



?⃝I-nflato-flu-tatins-classical.tt
caording to quantum fluatuations , the inflata fluctuantes :

¢ (E , f) = Flt) + SUFÍ ) ( sal < <F)

• Therefore , inflatón ends at slightly different times
at

dífferent points :
I

d- (E) → 5pct ,⇒→RAI )

:
• we Andy first the classical dynamics of these fluctuations :

A =/DIDI [f- guárdalo _v41]
• We considerar eq . of motion at linear arder→ we reed to
-

expand the action up to quadra-ti-rder-forb.tn#9uv .

• It's complicated . Computation sinplifies in spatially - flat gauge :

Sij = -áfij (unperturbed) .

• Also
, fgonca 8¢ for {→ O ⇒ we only consider ¥

fxzx-Y-ithi-EY-E.IT/-



⑦ Computation :
☒ = "

"

* fdsyd. # [E- a. (¢" - Kai) - a
" Kan]FLRW =)

F-☒
"

+Á" +5% . . Y ¢ E) = Itn) +%÷
SÍ in

I» = ⇒Máx [(g)2-zHjjs-tifa-EN-av.us]
-

"

Hdp =D
, #f) - H

'

f
'

t

fa, = ⇒drld [ (g)2- (g)' + / µ ' + ni_ ávila) f]
t
En

% -

- E)Morí [ (sii - ( si + (E- a#¢) 8)
%.in?Y-=If=::;-a-a11

HÜTTER
-1

Minimizing from the action :

-

f. (1) = "ftp.x-ye-iii/E-EETE--o7Mukhanoo-
Sasaki equation

- Quasi - oe Sitter : ⇒µ:# →ftp.T-3-a#-Jf---'
- Also

,
como uing Hubble

radius shrinks during inflation :

m
"
= (an)-1=-7

T

a ¥ :3 c-[-0/0]
- Given a Fourier m.de ¥

,
it is Inside the Hubble radius at

sufficient early times:
H
"

ntyl >> 4-1 ;i ⇒ |fu"+ñf→[ for 1km1 >



(H
-'-
n
-7)

inffation

µ
H
-1

comooir

]
Scales !

[

,
Í

tú
,

I¡÷É÷ÉÜü÷:÷÷ÉÉ÷::IÉEÉ.

subhoñizon
i K>pH

| vi >>H exit
" Í - H

reentry ,
I

: : : : OurI I

i LT l
,

i ! '€#AÜÜE.me

reheating HBB today

0

÷:S.IE?..::::-:::::::::::::..-i| =D Computing Run , for a Given "flat""" ' "del

fornation.mewant to compute Bunny !
→
First we compute sohu.nl/section 4.6) ; then

RIK :HI ( section 4.7)

→ Similar for tensor perturbations / graaitational
Waves ( section 4.7)



4.60

Inflatonfluctuationsi.quantumfa-fdyds.EE[ (ft - (Tf)
'

+¥8] f-a5¢

• Momentum conjugate : F-¥- = f
'

Quantizationofthetheory-f-vote.IN
Heisenberg pictures

operators dependan fine, states
donut]

Stef Ne promote fields {ftp.EYTH.IR, to quantum

Fatás { ftp.EY.IT/q.I)} , with commutation

relation.LU?E),i-ty.ED--iSislE-I--EaEeta
Eirik) . UD = EE.%EE.E.fi éi e-

"
"

÷

= i / e-
"""+"
""

¡ f
,> (☒ +E) ⇒

Modes with different
waoelengths conmute

⑦

fstep-27.Modeexpa-n.in!

:/
Éi
wíty) K

operators
TÍ

lstep3.IN#ationSubstitating④ into ④ :

W [Su] ✗ [ai , áü
"

] = Salvini
" ) ; wherew-lfv.7-ilfu.IE-fifi)

is the

wronsk-ian.ch
oice : W [Su] -- 1 → IFÁAÉTÍSTÍTI
-

Vacuum state : fáulosq → di lo > create particlestates
.



lstep-b.TL Choice of vacuum : The Mukhanoo - Sasaki equation
→

has TI possible solutions , so we need tu fin
two constantes

.

constante
• In MinKowsKispn :

+pqtikr
f.
"

+Kafu = O → fu = §
?
\

-4

- Asking ti / o > = E /o> with E > O ⇒ f, re
"T

T

Hamiltonion

- From W [fu] = 1 ⇒ f. =¥E éi
""

• In
generic

tiene- dependent background, the procedure
is ambiguas

.

However
, for inflatón there is a preferred choice : the

Bunclrdaoiesuacuum :

- At oery early times , modes of cosmológica intenest

were deep inside the horizon , /KM /«1

Wu? vi_ E- = vi. ¥
ÉI. v. a

fv,
"

+ vífv, zo (Same as in

Minkowski ) =D fu, a q
" 7

\ space

- In general :

fv,
"

+ fui-⇒&, -0 WAN -

_ 1- ⇒ K Y -1ps /
'

= 1

÷
[49

KG) = µ, g-
ikry

# f- És.JP"# f-+÷)
a- 1- ; B--0

--__

Bunch- Davies

fsuht-e.ir?-f--Ef-/uacuum-



2-ero-pointfluctuations-eo.IM
,
E) =/ FIÉ. /sutnáü + sífn) a:) e
[ai , ai:'-) =L, /üsü) ;

áu lo > -0 ; <olaií

• <o / 8^107=0
¡

eoaeuated at ¥-0

• <oljtfg , ó ) j (7.8) lo > =

=/%¥→ / %Ef-r-oksia-i.IQ áü ) / sviá + fía# lo> =

= / %¥→. / OYÉÉ: Suk) fila ) ao ) [aii , áüt] / o> =

siiiiii)

= / %Í→ 18am F- faena Hunt
,

|Varianeofinflatonisnon-zero#uumfnutóf

|AgY4M)±ÍIfufn (dimensionales)
power

-

.

Spectrum

salsa f-¥ )
t

a:
-¥y

Autry:#4- + a) Í ¥ / 1- + )
↳H%x±÷÷⇒→

,



Aikin ) : FERMI? E- f- + q¥)

8¢ £

Asiain) -= :÷.is#Ni--I=a.fi-+1¥ )

fasia.int/#IY--+aET/-:::::;-fF:YET
-

Aproximan : We approximate the power spectrum at

horizon
Crossing as

the one at superhorizon Scales (ualid

for a quasi - de Sitter space) .

Therefare , we have our final result :

/Í÷Ü↳=aµ} eaaluatedat different times fordifferent modes
-

• If inflatón were perfect de Sitter, then H = const,

and we would have ascd-e-in-aaria-tp-wers-pect-u-mlindepende.nl
on K)

.

• In reality , inflation is
"

quasi - de Sitter
"

,
so H-_H (a)

slowly aaries with Tine during inflatón . This generales

a small deoiation with respect scale - inaariance.
-

• Different inflatón potential → different
H = Hla) →

→ different power spectra .



4.70 Curvatura perturbations and gravitacional waoes
--
---

a) Curvatura perturbation
-
--

- At horizon crossing , we switch from 8¢ to R :
-

/ R =
- Io +ftp.sq/;ST0j---djS9-----Spatially-flatgauge,Sgij--0/unperturbed) → 7--0.

- Stoj = g-orden ¢ dj 8¢ = g-"a ¢ g- 8¢ = ¥ g- 8¢

Haa
- e- +I =# (¢5

conformal tire
→ cosmic tire slow- roll parameter

R = sol Í - H# ⇐

§ mpi Ha

1-
=

IET Í÷:*Aálu) = !¥- Así (a) = (Í)YKatt Katt
---

/ ARYK) =1-
H
'

]81T
'

E ☒
ay

/ Not" H and E depend)
con
time

-
→



Aúpa)

nsi1-nmdesitterti.EE?:-*....j..y-=.nii
:"÷÷±÷÷÷:÷!?- '

-
- -

i
-- --

- -

a

1¥

As and ns

Ás
"°" ""

are dimensiones

¥-7 pinot Saale"alaarmplitude (to be fixed)
→ 4*-0.05MÍ

inflaton
amplitud

• Ase Aikikai) = ÉÍTME !# F- Í ¥ Éi / " ← www.r
dile

yéatle
ti:{¥-2 ; Es tu

• ns-t-ddljnfji-n-dlnn-i-n-daennna-i-dlnAI.dk/aH) T Hdt
HE const

± ¥%¥¥dl¡ = - ÷
, ¡
ZE - Y = - Ger+22

Y
EI fu

E- ¥-2 i TE 7=4tu-27

/*÷i÷÷ns-1 = -6-4+27

• Constraints from Planck 2018 :

As -_ (2.101 %) ✗ 10-9
Ka = 0.05 Mpc

-1 =D

ns = 0.965-+0.004
→
deoiatior from
sale inceariance !



b) Ettinger :

• Tensor perturbación s are
also produced during inflation :

ds? a- (7) [dsy ' - Cfij +zhij) dxidxsi ] hija• 1

• Compute the Einstein- Hilbert action up to Second Order :

=MÍ/d"✗FGR ⇒ SÉ, =M¥178 á [(hij')' -Fvhij]
•

"

hij
"

has t-wo-edde-grees-fr-eedo-m-twopolarizat.ions :

{ ft ; f- }hij =
←

& - ft ° )ami (! ! !
tuo copies

"
= £ µ d [ ( ft)

'
- fvf » )

'

+ f ,] os the scala-
action!

An ' -_ zx
'

AsÍntimas
:-(¥-5

µñ¥=¥¥ →

"ly dependson H ! Most
model - independent and robust

-

prediction of

inflation.AnYuipaa@EqTn_nt-_0.Tas
n?⃝"" ti" LE}

-

→4¥

TI, pinot scale [kx
-0.002Mpá

")

tensor amplitud

Analogous computation
to solar perturbation shows :

F¥÷Éñ⇒-1



• Result are quoted in Terms of the

t-n-t-o-scaa-r-ti-oir-AF.GE] = -8Mt r: -8Mt

-1¥ [ consistencia check
As

fumpi

Upper Bound from Planck 2018 : IKO.TT
mpit)

ftp.YH-As/Yq)ns-1As=zFi-i-mpi#.-←

" -1=-64-22}Ai (a) = At (%-)
"

←
r_A-

= 16 Ex
As

↳ Eva
, Iva

,
Ve, : eaaluated

when Kx a-its the
horizon

.

como
virg

scales ^
te
-1

pivot
scaee

' I i . reentry
I l

I
'

i i
l

'

,

| ,

Fifí!
¢# inflation

↳Ñé50





proceduretoobtainpredictionhns.rlfaragioen.rs
flationarymodel :

Given;

① Compute : C-✓ (4) ±MÍ /¥ )? 7k¢) = Mpil

② End of inflatón de ; when C-✓(a) = -1 .
integral mnstalways

be Positive!

③ Obtain no
. of e-folds N (d)=/€ld

before the end of inflatón : ¢TÉ)

④ Obtain ale ,
such that N (g) = No f- 50-60 )

↳ compute Eve Elda) ; Mia Avda) ;

[ ⑤ Use As 12.3×10-9 to fit potential parameters .]
| This step is optional if C-✓

, % do not depend on )L these
.

⑥ Compute Ns and r ⇒ check compatibiliza with
CMB bounds !



y
!

Example : V(¢)=µÉ cp-r.no. . .} '

i
i

:⑦ v41 :pµ
"-"

¢
"

; i

V
"

(d) =p /p-e)µ
"-"

¢
"" de 0¥

tía . :'-(¥1: :'-(%¥÷): "÷i
3K¢) -_ Mpil

= Plpzitlmi
② End of inflatón : C-✓ (a) = 1 → de =¥ Mi

¢

③ M¢1 :[LÍE:-, -_ Épila:*' 1¢:*)=
de de

= :*: - ÷
④ Motel : Na 1=50-60) → d-

*
=EFmp , = VIFNÍMPI

Era=L, : Ia =P ¥ ;

⑤ Va -_µ
"⇒ ¢:P = 12pm)}

"

ma
"

As :# = µ
"-"

MÍ
" NÉE 2.3×10-9

241-12Ex Mpl

⑥
µÍFA F-2 : lmpi)? (1.9-2.7)×10-1

Ñs = 0.960-0.967
✓ = 0.16 - 0.13

_-6t¥*f ¥4 : Cnlmpi>
°

-
- (3.8-6.9)×10

""

hs : 0.92 - 0.93É→ {www.o-F/F=
0.32 - 0.27
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Examplei AXION POTENTIAL •
¡

viaja
" [1-0%4] Ii :

÷
In Baumann lectures

¥E÷T :|a:^* _


